By transforming from the real-spin-orbital t 2g basis to the spin-orbital entangled pseudo-spin-orbital basis, the pseudo-spin rotation symmetry of the different Coulomb interaction terms is investigated under SU(2) transformation in pseudo-spin space. While the Hubbard and density interaction terms are invariant and therefore preserve spin rotation symmetry, the Hund's coupling and pair-hopping interaction terms explicitly break pseudo-spin rotation symmetry systematically. Transformation of the Coulomb interaction terms to the pseudo-spin-orbital basis constituted by J=1/2 and 3/2 states also highlights the importance of mixing with the nominally non-magnetic J=3/2 sector in d 5 compounds, and thus provides a physically transparent approach for investigating magnetic ordering and anisotropy effects in perovskite (Sr 2 IrO 4 ) and honeycomb lattice (Na 2 IrO 3 , RuCl 3 ) compounds.
I. INTRODUCTION
Arising from a novel interplay between crystal field, spin-orbit coupling (SOC) and intermediate-strength Coulomb interactions, the emergent quantum states which essentially determine the electronic and magnetic properties of the iridium based transition-metal oxides involve correlated motion of electrons in spin-orbital entangled states. [1] [2] [3] In the spin-orbit Mott insulator Sr 2 IrO 4 with d 5 configuration, electronic states near the Fermi energy have dominantly J=1/2 character, and important magnetic properties such as in-plane canted AFM order and magnon excitations have been extensively discussed in terms of the effectively single pseudo-spin-orbital picture. [4] [5] [6] [7] Finite-interaction and finite-SOC effects are responsible for the strong zone-boundary magnon dispersion measured in RIXS studies, highlighting the observable effect of mixing between J=1/2 and 3/2 sectors. 8 The Dzyaloshinskii-Moriya (DM) and pseudo-dipolar (PD) anisotropic interactions are not the source of true anisotropy in Sr 2 IrO 4 , as they yield spin canting with no magnon gap due to compensation. True anisotropy has been ascribed to the Hund's coupling term (J H ) using strong-coupling expansion (including virtual excitations to J=3/2 states) and numerical self-consistent calculation, [9] [10] [11] [12] [13] both approaches including Coulomb interactions within the t 2g manifold. The role of weak magnetism in the other two pseudo orbitals (J=3/2 sector) on the J H -induced easy-plane magnetic anisotropy and magnon gap (∼ 40 meV), as measured in recent resonant inelastic X-ray scattering (RIXS) studies, [14] [15] [16] has been studied recently including Coulomb interactions within a pseudo-spin-orbital based approach, which allows for a unified calculation of both intra-orbital (magnon) and inter-orbital (spin-orbit exciton) excitations within a single formalism. 17 Magnetic anisotropy is generally associated with spin rotation symmetry breaking. Therefore, a general pseudo-spin rotation symmetry analysis of the different Coulomb interaction terms, treating all three pseudo orbitals on the same footing, can provide additional insight into the origin of true magnetic anisotropy in Sr 2 IrO 4 arising from the interplay of spin-orbital entanglement and Coulomb interaction.
Due to the spin-orbital entanglement, the same pseudo-spin rotation for all three pseudo orbitals (l = 1, 2, 3) corresponds to different real-spin rotations for the three real orbitals (yz, xz, xy) in the t 2g manifold. This follows directly from the relation ψ µ = σ µ l c µl ψ l between the real-spin-orbital basis (µ = yz, xz, xy) and the pseudo-spin-orbital basis (l = 1, 2, 3), where the Pauli matrices σ µ = σ x , σ y , σ z for the three real orbitals µ = yz, xz, xy.
The same SU(2) transformation ψ l → ψ ′ l = [U]ψ l for all three pseudo orbitals corresponds to different SU(2) transformations [U ′ µ ] = σ µ [U]σ µ for the three real orbitals. Therefore, the question of how the different Coulomb interaction terms transform under same pseudo-spin rotation for all three pseudo orbitals assumes importance. In other words, while all Coulomb interaction terms are invariant under same real-spin rotation for all three real orbitals, does this invariance hold under same pseudo-spin rotation in the pseudo-spinorbital basis? Pseudo-spin rotation symmetry breaking by any Coulomb interaction term would imply true magnetic anisotropy and gapped magnon spectrum.
In this paper, we will show that while the Hubbard (U) and density (U ′ ) interaction terms preserve pseudo-spin rotation symmetry, the Hund's coupling (J H ) and pair-hopping (J H ) interaction terms explicitly break this symmetry systematically. Furthermore, symmetry breaking by the two J H terms results in (on-site) anisotropic interactions dominantly between moments in the J=1/2 and J=3/2 sectors only. There are no anisotropic interactions at all within the half-filled magnetically active J=1/2 sector. This highlights the importance of the weak magnetism in the nominally filled J=3/2 sector as well as the mixing between the two sectors. Magnetic anisotropy will not survive in the limit of large SOC when the two sectors become effectively decoupled.
The structure of this paper is as below. After introducing the transformation between the real-spin-orbital and pseudo-spin-orbital bases in Sec. II, and a brief mention of the tetragonal distortion effect, the transformation of the hopping Hamiltonian to the pseudospin-orbital basis is discussed in Sec. III. A general gauge transformation for the three-orbital model is carried out in Sec. IV, which demonstrates that all spin-dependent hopping terms (resulting from orbital mixing due to staggered octahedral rotations) can be gauged away.
This accounts for the absence of true anisotropy despite the presence of the DM and PD 
II. PSEUDO-SPIN-ORBITAL BASIS
Due to large crystal-field splitting (∼3 eV) in the IrO 6 octahedra, low-energy physics in d 5 iridates is effectively described by projecting out the empty e g levels which are well above the t 2g levels. Spin-orbit coupling (SOC) further splits the t 2g states into J=1/2 doublet (m J = ±1/2) and J=3/2 quartet (m J = ±1/2, ±3/2), with an energy gap of 3λ/2 ( Fig.   1 ). Nominally, four of the five electrons fill the J=3/2 states, leaving one electron for the J=1/2 sector, rendering it magnetically active in the ground state.
Corresponding to the three Kramers pairs |J, m j above, the pseudo-spin-orbital basis states |l, τ for the three pseudo orbitals (l = 1, 2, 3), with pseudo spins (τ =↑, ↓) each, have the form:
where |yz, σ , |xz, σ , |xy, σ are the t 2g basis states and the signs ± correspond to spins σ =↑ / ↓. The coherent superposition of different-symmetry t 2g orbitals, with opposite spin polarization between xz/yz and xy levels implies spin-orbital entanglement, and also imparts unique extended 3D shape to the pseudo-orbitals l = 1, 2, 3, as shown in Fig 1. Taking the conjugate to express the above basis transformation in terms of the l, τ | and µ, σ| states, and rewriting in terms of the corresponding fermionic field operators:
involving the annihilation operators for the pseudo orbitals (l = 1, 2, 3, τ =↑, ↓) and the t 2g orbitals (µ = yz, xz, xy, σ =↑, ↓), we obtain (using Pauli matrices):
Inverting the above transformation yields the t 2g basis states represented in terms of the pseudo-spin-orbital basis states:
The above equations are convenient for transforming the hopping and Coulomb interaction terms to the pseudo-spin-orbital basis, and can be expressed in the compact form:
where σ µ = σ x , σ y , σ z for the three orbitals µ = yz, xz, xy, respectively, and the (real) transformation coefficients c µl are explicitly shown in Eq. (4).
The transformation coefficients c µl in the above equation are simply modified when the tetragonal distortion effect is included by the term ǫ xy ψ † xy ψ xy in the t 2g basis SOC Hamiltonian, where the tetragonal splitting ǫ xy is the xy orbital energy offset relative to the degenerate yz, xz orbitals. 18 While energy of the (J, m J ) = (3/2, 3/2) pair remains unchanged as this state (l = 3) has no xy orbital character (Eq. 1), the (1/2, 1/2) and (3/2, 1/2) pairs are shifted. However, as the spin-orbital entanglement remains unaffected, the tetragonal distortion has no effect on the SU(2) symmetry analysis or the gauge transformation discussed below.
Although the tetragonal splitting ǫ xy does weakly affect the DM and PD anisotropic interactions in the J = 1/2 sector, 19 it is not the source of true magnetic anisotropy. As discussed in section VII, the J = 1/2 sector interaction terms extracted from the Hund's coupling and pair-hopping terms individually acquire classical anisotropy when the octahedral cubic symmetry is lifted by the tetragonal distortion, as present in Sr 2 IrO 4 . However, classically anisotropic interaction terms such as S 1z S 1z thus generated do not yield true magnetic anisotropy.
III. TRANSFORMATION OF HOPPING HAMILTONIAN
We consider the hopping Hamiltonian term in the real-spin-orbital basis:
where t µν ij is the hopping term between orbitals µ and ν on lattice sites i and j, and the 1 matrix represents spin-independent hopping. Substituting from Eq. (5), we obtain
which can be written in terms of the transformed hopping terms as:
where the transformed spin-independent and spin-dependent hopping terms: In the case of Sr 2 IrO 4 , where staggered octahedral rotation about the c axis results in mixing between the yz (µ = x) and xz (ν = y) orbitals only, the transformed spin-dependent hopping terms involve only the z component: 
vanish for the diagonal blocks (l = m). The absence of spin-dependent hopping terms in the magnetically active l = 1 sector implies that magnetic anisotropy is generated only by the spin-dependent hopping terms in the off-diagonal blocks involving pseudo-orbital mixing (l = m) with the magnetically inactive m = 2, 3 sectors. 20
Returning to the case of Sr 2 IrO 4 , it is convenient (for the gauge transformation discussed below) to express the hopping Hamiltonian using a simpler notation:
which clearly shows the general structure in terms of the diagonal (l = m) and off-diagonal (l = m) block in the pseudo-orbital basis. Here we have used a simpler notation t lm ij ≡ t lm and t ′ ij lm z ≡ t ′ lm for a given pair of lattice sites i, j, and further simplified the diagonal hopping terms t ll ≡ t l and t ′ ll ≡ t ′ l . The above structure shows that each [2 × 2] block in the hopping Hamiltonian consists of one spin-independent term (t l or t lm ) and one spindependent term (t ′ l or t ′ lm ). In the following section, we will show that all spin-dependent hopping terms can be gauged away, and therefore there is no true anisotropy in Sr 2 IrO 4 from the orbital-mixing hopping terms alone.
IV. GAUGE TRANSFORMATION
To demonstrate the gauge transformation, we will consider a [6×6] hopping matrix in the pseudo-spin-orbital basis consisting of three diagonal blocks t l 1 + iσ z t ′ l for the three sectors l = 1, 2, 3, and off-diagonal blocks t lm 1 + iσ z t ′ lm , including spin-independent (with 1) and spin-dependent (with σ z ) hopping terms. Only nearest-neighbor hopping terms between sites i and j have been considered here for simplicity. This matrix is the real-space representation of Eq. (B1) in Ref. [8] .
If φ 1 , φ 2 , φ 3 are the phases corresponding to the three diagonal blocks, as given below for l = 1:
where tan φ 1 = t ′ 1 /t 1 , then the spin-and site-dependent gauge transformations are simply:
for the three sectors l = 1, 2, 3 and for sites i, j on opposite sublattices. This transformation is equivalent to a staggered spin rotation on the two sublattices (which will eliminate the spin canting). Now, if the off-diagonal blocks (1,2), (1,3), (2,3) had phases satisfying the conditions φ 12 = φ 1 /2 + φ 2 /2 etc., the above gauge transformation will work for the whole [6 × 6] hopping matrix. As φ 12 = φ 1 /2 + φ 2 /2 in general, we utilize the additional degree of freedom provided by the canting axis rotation (same spin rotation for both sublattices).
We consider canting axis rotations α 1 , α 2 , α 3 for sectors l = 1, 2, 3. While the diagonal blocks are unaffected by this sublattice-independent gauge transformation, the off-diagonal blocks explicitly show the new degree of freedom, as illustrated below for the (1,2) block:
The required conditions are then modified to:
and similarly for the (1,3) and (2,3) blocks. Solving for the relative canting axis rotations α 2 − α 1 and α 3 − α 1 , the final gauge transformations are obtained as:
for l = 1, 2, 3. One overall canting axis orientation (α 1 ) remains free, which corresponds to the in-plane Goldstone mode.
As all spin-dependent hopping terms can be gauged away, there is no true anisotropy. We have confirmed this using unrestricted self-consistent calculations. Including spin-dependent hopping terms in the three-orbital model and the Coulomb interaction terms (but J H = 0), 17 we obtain same energy for c-axis and ab-plane canted AFM orders and (degenerate) gapless
Goldstone modes for the magnon, confirming no true anisotropy.
In the following we will show that true anisotropy arises from two of the Coulomb interaction terms. While all interaction terms possess spin rotation symmetry in real-spin space, the Hund's coupling (J H ) and pair-hopping (J H ) interaction terms explicitly break pseudo-spin rotation symmetry. The symmetry breaking and consequent anisotropy effects arise from the interplay between the SOC-induced spin-orbital entanglement intrinsically present in the pseudo-spin-orbital basis and the J H interaction terms.
V. TRANSFORMATION OF COULOMB INTERACTION TERMS
We consider the on-site Coulomb interaction terms: (18) in the three-orbital t 2g basis (µ, ν = yz, xz, xy), including the intra-orbital (U) and interorbital (U ′ ) density interaction terms, the Hund's coupling term (J H ), and the pair hopping interaction term (J H ). Here a † iµσ and a iµσ are the creation and annihilation operators for site i, orbital µ, spin σ =↑, ↓, the density operator n iµσ = a † iµσ a iµσ , the total density operator n iµ = n iµ↑ + n iµ↓ = ψ † iµ ψ iµ , and U ′′ = U ′ − J H /2. All interaction terms above are SU(2) invariant and thus possess spin rotation symmetry in real-spin space.
In the following, we consider the transformation of individual Coulomb interaction terms to the pseudo-spin-orbital basis using Eq. (5), and examine their SU(2) transformation behavior in pseudo-spin space.
A. Total density operator
For the total density operator (for site i), we obtain using Eq. (5):
where we have used σ † µ = σ µ and σ 2 µ = 1. Now, under the SU(2) transformation in pseudospin space (same for all three pseudo-orbitals l):
the ψ † l ψ m terms are invariant, and the total density operator is therefore SU(2) invariant. Therefore, the density interaction terms (U ′ ) in Eq. (18) and the Hubbard interaction terms (U) (using (n ↑ + n ↓ ) 2 = n ↑ + n ↓ + 2n ↑ n ↓ ) are SU(2) invariant and possess spin rotation symmetry in pseudo-spin space.
B. Pair hopping interaction term
For the pair hopping interaction term (for site i), we obtain:
which is SU(2) invariant and possesses spin-rotation symmetry in real-spin space. However, SU(2) invariance is lost in pseudo-spin space, as shown below. Again, using Eq. (5) to transform to the pseudo-spin-orbital basis, we obtain:
where we have taken µ = yz, ν = xz to illustrate the operations with Pauli matrices. Now, under the SU(2) transformation in pseudo-spin space (Eq. 20), the last term in Eq. (22):
showing that ψ † µ ψ ν is not SU(2) invariant. The pair hopping interaction term therefore explicitly breaks pseudo-spin rotation symmetry.
C. Hund's coupling term
For this term involving the real-spin rotationally symmetric interaction S iµ .S iν , we consider the spin density operator (for site i), and obtain using Eq. (5):
which transforms under the SU(2) transformation (Eq. 20) to:
We now consider the term in brackets above for the case σ µ = σ x (yz orbital) and
represent it in terms of a rotation operation in spin space:
shows the spin rotation by the rotation matrix R(U) corresponding to the SU(2) transformation [U], and
is the rotation matrix corresponding to π rotation about the x axis.
Similarly, for the S ν operator with ν = y (xz orbital), we will obtain the product R y (π)R(U). Therefore, the S µ .S ν interaction term will yield the matrix product:
where R(U) is the transpose of R(U) and we have used R x (π) = R x (π) for the diagonal matrix. Finally, since
as R x (π)R y (π) = 1, the Hund's coupling term S µ .S ν is not pseudo-spin SU(2) invariant and therefore does not possess pseudo-spin rotation symmetry.
The above symmetry analysis shows that the Hund's coupling and pair hopping interaction terms explicitly break pseudo-spin rotation symmetry. It is important to note here that the spin rotation symmetry is broken systematically. In other words, it is broken for each Considering first the pair-hopping interaction term (Eq. 21), and retaining only the intrapseudo-orbital (l = m = l ′ = m ′ = 1) terms (indicated by below) corresponding to the J = 1/2 sector, we obtain:
Similarly, for the Hund's coupling term in Eq. (18), we obtain:
as the product c 2 µ1 c 2 ν1 is identical for all three orbital pairs (in the presence of cubic symmetry only), and for the rotation matrices (Eq. 28), we have R
Finally, from the remaining J H term (in the U ′′ term of Eq. 18), again retaining only the l = m = l ′ = m ′ = 1 term, we obtain (using Eq. 19 for site i):
Collecting all the S 1 .S 1 interaction terms resulting from the pair-hopping, Hund's coupling, and density interaction terms corresponding to J H , as obtained in Eqs. 31, 32, and 33, yields an exact cancellation. Therefore, the Hubbard like (or equivalently S 1 .S 1 ) interaction terms in the magnetically active (l = 1) sector result only from the U and U ′ terms in Eq. (18), as explicitly derived earlier. 17 Using similar analysis as above, and the spherical which yields upon inversion:
where, in terms of the dimensionless parameter ζ ≡ 2ǫ xy /λ involving the SOC strength λ, α = [ζ − 1 + 9 + ζ 2 − 2ζ]/2 ≈ 1 + ζ/3 and β = [1 − ζ + 9 + ζ 2 − 2ζ]/2 ≈ 2(1 − ζ/3) for small ζ.
Since β > 2 in the case of Sr 2 IrO 4 (as ǫ xy is negative), we have c 2 xy1 < c 2 yz1 , c 2 xz1 . Thus, the cubic symmetry in the l = 1 sector is lifted and the xy orbital has relatively smaller weight. Consequently, the Hund's coupling interaction above will have an extra R x R y term, resulting in a classically anisotropic interaction term (8J H /27)|ζ|S 1z S 1z for ζ ≪ 1. Similarly, the pair-hopping interaction term yields a classically anisotropic interaction term −(8J H /27)|ζ|S 1z S 1z . Interestingly, the two classically anisotropic interaction terms exactly cancel each other.
As noted above, true magnetic anisotropy does not arise even if classically anisotropic terms such as S 1z S 1z are present. For S = 1/2 quantum spin operators S α = (1/2)ψ † σ α ψ, since S α S α = (1/4)[(n ↑ + n ↓ ) − 2n ↑ n ↓ ] = (1/3)S.S, all three such interaction terms for α = x, y, z have the isotropic form S.S. Therefore, there is no true anisotropy even if classically anisotropic terms such as S 1z S 1z are also generated when the octahedral cubic symmetry is broken in the presence of the tetragonal distortion.
This can be generalized to all three intra-orbital interaction terms S lα S lα for the three pseudo orbitals l=1,2,3, implying that true magnetic anisotropy results only from the interorbital anisotropic interaction terms such as S lz S l ′ z with l ′ = l. Involving cases such as l=m and l ′ =m ′ = l in Eqs. (31) and (32), the dominant anisotropic interaction terms will involve l=1 (the magnetically active sector) and l ′ =2,3. The full result of the transformation of the Coulomb interaction terms to the pseudo-spin-orbital basis is given in Ref. [17] .
